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Abstract 

We address the construction of four-dimensional TV = 2 supersymmetric nonlinear 
sigma models on tangent bundles of arbitrary Hermitian symmetric spaces starting 
from projective superspace. Using a systematic way of solving the (infinite number 
of) auxiliary field equations along with the requirement of supersymmetry, we are 
able to derive a closed form for the Lagrangian on the tangent bundle and to dualize 
it to give the hyperkahler potential on the cotangent bundle. As an application, the 
case of the exceptional symmetric space Eq/ SO(W) x U(l) is explicitly worked out 
for the first time. 
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1 Introduction 

The intimate relation between the number of supersymmetries and the target space 
geometry for supersymmetric sigma model [1] has been fruitfully exploited over the years. 
Here we are interested in the four-dimensional Af = 2 models whose target space is 
hyperkahler [2]. 

There are two methods for constructing new models from old ones; the Legendre 
transform and the hyperkahler reduction [3, 4], both of which have been reformulated in 
the manifest Af = 2 supersymmetric setting of projective superspace. 

Projective superspace extends superspace at each point by an additional bosonic co- 
ordinate ( which is a projective coordinate on CP 1 ; actions are written using contour 
integrals over (, and reality conditions are imposed using complex conjugation of ( com- 
posed with the antipodal map [5, 6, 7, 8]. 

In a recent paper [9], we constructed, building in part on earlier work [10, 11], M = 2 
supersymmetric models on the tangent bundles of a large number of the Hermitian sym- 
metric spaces as well as, using the generalized Legendre transform [6], the hyperkahler 
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metrics on the corresponding cotangent bundles. Our approach rested on finding solutions 
to the Af = 2 projective superspace auxiliary field equations in Kahler normal coordinates 
at a point and then extending the solutions using cleverly chosen coset representatives. 
Although this method is perfectly viable, it becomes very cumbersome when more com- 
plicated spaces involving the exceptional groups are considered. For this reason we have 
changed the perspective in this paper. Our discussion is based on the solution to the 
auxiliary field equations originally described in [10, 11]. Starting from this solution and 
the duly modified second supersymmetry transformation allows us to completely deter- 
mine the tangent-bundle action. We also describe how to find the dual cotangent-bundle 
action. 

As illustrations of our method, we rederive some of the results in [9]. As a new 
application, we present a model on the tangent bundle of Eq/ SO (10) x U(l) as well as 
the hyperkahler potential on the corresponding cotangent bundle. 

The organization of the paper is as follows. In section two we describe the back- 
ground material on Af = 2 sigma models formulated using projective superspace. Our 
general construction is presented in section three. Section four contains the application 
to Eq/ SO (10) x U(l), and in section five we give an alternative description of our La- 
grangian, which leads to very direct relations to previous results but seems to have a more 
limited applicability. Examples are found in section five and in Appendix A. Appendix B 
contains an explicit derivation of a relation used in section four. 



2 Background material on Af = 2 sigma models 

We are interested in a family of 4D Af = 2 off-shell supersymmetric nonlinear sigma- 
models that are described in ordinary Af = 1 superspace by the action 1 

S[T,f] = ^-j^j d 8 ztf(T'(C),f J (0) • (2.1) 

The action is formulated in terms of the so-called polar multiplet [6, 7] (see also [8]), 
one of the most interesting Af = 2 multiplets living in projective superspace. The polar 
multiplet is described by an arctic superfield T(() and antarctic superfield T(C) that are 
generated by an infinite set of ordinary Af = 1 superfields: 

oo oo 

t(o = T ^ n = $ + s c + °(c 2 ) , t(o = J2 f n(-cr n . (2.2) 

n=0 n=0 

1 The study of such models in this context was initiated in [12, 10, 11]. They correspond to a subclass 
of the general hypermultiplet theories in projective superspace [6, 7]. 
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Here <3> is chiral, £ complex linear, 

= , L> 2 £ = , (2.3) 

and the remaining component superfields are unconstrained complex superfields. The 
above theory occurs as a minimal Af = 2 extension of the general four- dimensional Af = 1 
supersymmetric nonlinear sigma model [1] 

= J & s zK{&,¥) , (2.4) 

with K the Kahler potential of a Kahler manifold A4. 

The extended supersymmetric sigma model (2.1) inherits all the geometric features of 
its Af = 1 predecessor (2.4). The Kahler invariance of the latter, 

K($,$) — ► K($,$) + A($) + A($) (2.5) 

turns into 

K(T, T) — > K(T,f ) + A(T) + A(T) (2.6) 
for the model (2.1). A holomorphic reparametrization of the Kahler manifold, 

& — ► / 7 ($) , (2.7) 

has the following counterpart 

T 7 (C) — /'(T(0) (2.8) 
in the Af = 2 case. Therefore, the physical superfields of the Af = 2 theory 

T'(C) = & , = S 7 , (2.9) 



C=o dc 



C=o 



should be regarded, respectively, as coordinates of a point in the Kahler manifold and a 
tangent vector at the same point. Thus the variables ($ 7 , S J ) parametrize the tangent 
bundle TM of the Kahler manifold M [12]. 

To describe the theory in terms of the physical superfields $ and S only, all the 
auxiliary superfields have to be eliminated with the aid of the corresponding algebraic 
equations of motion 

f = /fr»^ = 0. n> 2 . (2,0) 
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Let T*(£) = T*(£; S, S) denote a unique solution subject to the initial conditions 

T„(0) = $, T*(0) = E. (2.11) 



For a general Kahler manifold M, the auxiliary superfields T 2 ,T 3 , and their 
conjugates, can be eliminated only perturbatively. Their elimination can be carried out 
using the ansatz [13] 

oo 

^ n = Yl Gl J,...J n+ vU...L p {®, S) S Jl . . . E J "+» E £l . . . E £ » , n > 2 . (2.12) 

p=0 

Upon elimination of the auxiliary superfields, the action (2.1) takes the form [10, 11] 

/oo 
{ K($, <5) + £h~InJl-J n ( $ > ^ • • • • • • } 

71=1 

/OO 
d 8 ^ | K ($, <5) + ^ £ (n) ($, $, S, E) } , (2.13) 

71=1 

where £/j = — gjj($,$) and the tensors £i 1 -i n j l -j n for 7i > 1 are functions of the 
Riemann curvature Rijkl{^i^) an d its covariant derivatives. Each term in the action 
contains equal powers of E and E, since the original model (2.1) is invariant under rigid 
U(l) transformations [10] 

T(C) ^ T(e ia C) ^ T n (z) h- e ina T n (z) . (2.14) 

The complex linear tangent variables E's in (2.13) can be dualized into chiral one- 
forms, in accordance with the generalized Legendre transform [6]. The target space for 
the model thus obtained is (an open domain of the zero section) of the cotangent bundle 
of the Kahler manifold M. [10] . 



3 General construction 



In what follows, we restrict our consideration to the case when M. is a Hermitian 
symmetric space, hence 

Vl-R/ 1 j 1 7 2 j 2 = V£-R 7l j l/2 j 2 = . (3.1) 

Then, the algebraic equations of motion (2.10) are known to be equivalent to the holo- 
morphic geodesic equation (with complex evolution parameter) [10, 11] 

qm +r . JK (r, (a ,yjm^ =0 , ( , 2) 
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under the same initial conditions (2.11). Here r 7 JK -(<I>, <3>) are the Christoffel symbols for 
the Kahler metric gij(&, $) = didjK(<&, i>). In particular, we have 

T£ = -il^(M)E J E*. (3-3) 

According to the principles of projective superspace [6, 7], the action (2.1) is invariant 
under Af = 2 supersymmetry transformations 

5T(C)=i(£?QL + 40?)T(C) (3.4) 

when T(() is viewed as a A/" = 2 superfield. However, since the action is given in M = 1 
superspace, it is only the M = 1 supersymmetry which is manifestly realized. The second 
hidden supersymmetry can be shown to act on the physical superfields <£> and £ as follows 
(see, e.g., [8]): 

5$ = e. , = + £^T 2 . (3.5) 

Upon elimination of the auxiliary superfields, the action (2.13), which is associated with 
the Hermitian symmetric space A4, is invariant under 

5& = , = -e a D a & - ie- J D"{r / Ji ,($, $) S J S^} . (3.6) 

It turns out that the requirement of invariance under these transformations allows one to 
uniquely determine, by making use of (3.1), the tangent-bundle action (2.13). One finds 

£ (1) = -<? 7J (M)£ J £ J , 

= C h ... In+lJl ...j n+ j: h . . . E^E* . . . S J "+> (3.7) 

Tl — _ — _ - 

= 7T A, ...J ,LJ,-.J S / "+ 1 E J "+ 1 i? 7 j +1/ L S 71 . . . S 7 "S Jl . . . S J " . 

2(77, — |— 1 ) 1 n—lJ^'-'l '->n J-n-\-l'Jn-\-l-'-n 



It is useful to introduce (conjugate to each other) first-order differential operators 

7^ i2 = ^E*£ £ R K ij J (&, <5) E 1 ^ = -^E 1 <5) E 1 ^ . (3.8) 

Since the metric and the curvature tensor are covariantly constant, we have 

[Vk, V z ]£ WnJl ...j n = , (3.9) 
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and hence 

n^£ (n) =^ s ,s£ (n) • ( 3 - 10 ) 

Now, the second relation in (3.7) can be rewritten as follows: 

£(n+l) = _J_ n C (n) / 311 N 

n+1 ' V ; 

This leads to 

oo oo 

£($, $, E, E) = £ C h ... InJl ...j n (<t> , <5) E Jl . . . E J "E Jl . . . E J " = ]T £W 

n=l ra=l 

= -^/jS J ^ -E' . (3.12) 

It is useful to rewrite this Lagrangian using an auxiliary variable t: 

E,E) = - / dt^jEV^E 7 . (3.13) 
Jo 

The relations (3.7) can be shown to be equivalent to the first-order differential equation 

\RkJl 1 §T^ L + §7 + 9ij * = (3- 14) 

which is obeyed by £($,$, S, E) given in (3.12). Indeed, the action (2.13) varies under 
(3.6) as follows: 

- Id'^W^S'-E'+^+to-E'}^* + c.c. (3.15) 

Here the variation in the first line vanishes, since the curvature is covariantly constant. 
To construct a dual formulation, consider the first-order action 

S = J d s z | K($, $)+£($,$, E,E) +^ / E / + %E / | , (3.16) 

where the tangent vector E 7 is now complex unconstrained, while the one-form \1/ is chiral, 
D^i = 0. This action can be shown to be invariant under the following supersymmetry 
transfer mat ions : 

5® 1 = ^> 2 {i£E J } , 



SE 1 = —s a D a & 1 - ^^{^(M) S J E^} - ±e0r J JAr (M) Z J D 2 Z K , 

S*j = -i J D 2 {^K / ($,$)} + i J D 2 {^r x /J (<I>,<l)E J }^ . (3.17) 



Varying E's and their conjugates in (3.16) using (3.13) and properties of the curvatures 
of Hermitian symmetric spaces gives 

= 0jje^£ J . (3.18) 
Inverting these relations should lead to the cotangent-bundle action 

Sct b [$,*] = J d 8 z{K(<S>,$)+H($, , (3.19) 

where 

oo 

ft ($, $, = ft'-''- 7 '- 7 - . . . *J„ , 

n=l 

ft /J ($,i>) = . (3.20) 

On general grounds, the cotangent-bundle action should be invariant under the super- 
symmetry transformations induced from (3.17) 

S& 1 = - D 2 {i0E J , 

SVj = -lrp{WKr($, $)} + ^5 2 {i0 1^(3, $) £ J (<£>, $, *) } ^ , (3.21) 

with 

E 7 = ^-ft($,<M,^) . (3.22) 

The requirement of invariance under such transformations can be shown to be equivalent 
to the following nonlinear equation on ft: 

S 7 9U ~ \ ^ K T. L Rkjl */ = * j • (3.23) 

This equation also follows directly from (3.14) using the definition of the \I/'s, or if one 
wants, as a consequence of the superspace Legendre transform. (It can be explicitly 
checked that the relation is satisfied for the expressions in (3.18), as it should). 

The relation (3.23) allows us to uniquely reconstruct ft ($, $, \P, formally defined 
in (3.20). 

As a simple illustration of the formalism developed, in Appendix A we re-derive the 
model on the tangent bundle of CP™. The actual power of our method is revealed in next 
section where it is applied to derive a Af = 2 supersymmetric sigma model on the tangent 
bundle ofE 6 /SO(10) x U(l). 
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4 The Hermitian symmetric space Eg/ S 0(10) x U(l) 



The Kahler potential for the Hermitian symmetric space E 6 / SO (10) x U(l) was com- 
puted by several groups [14, 15, 16, 17] in different but equivalent forms. Here we will 
use the Kahler potential derived in Ref. [17] with the aid of the techniques developed in 
[18]. In order to comply with the notation adopted in [17], we will use Greek letters to 
label indices, lower indices for base-space ($ / — > $ Q ) and tangent (S 7 — > S a ) variables, 
while upper indices will be used for one-forms — > ty a ). 

Locally, the symmetric space E 6 /SO(10) x U(l) can be described by complex variables 
$ a transforming in the spinor representation 16 of SO (10) and their conjugates. 

$ a , $<*:=($„)*, a = l,...,16. (4.1) 

The Kahler potential is 

K(®, $) = In (l + + ^ a (a A ) a ^)(^(a A y s ^ , A = 1, ... 10 (4.2) 

where (a A )a/3 = (ca)/?q are the 16 x 16 sigma-matrices which generate, along with their 
Hermitian-conjugates, (a A ) al3 , the ten-dimensional Dirac matrices in the Weyl represen- 
tation. The sigma-matrices obey the anti-commutation relations 

(a A a B + a B a\)i = 25 AB 8£ . (4.3) 

The Kahler metric can be shown to be 



+ z 



I( _ J« 0jS _ hb^a^^i^a]^) - i(<7* 1 ) I,s * J * 9 (* T <7.4*) 

-i(4)**sM**n*M*)(* T ^*))J , (4-4) 

where Z = l+Q T $+^($ T a A Q)(& r a A &). Here we have used the fact that a a is symmetric. 

Let us calculate the Lagrangian (3.12) for the case under consideration. In our nota- 
tion, the first-order differential operator defined in (3.12) is 

^e,e = -l^^R^g- 1 ) 6 , ^ . (4.5) 
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where {g~ l Y a = (fi^) -1 is the inverse metric of g a p, that is <7 a 7 (<7 -1 ) 7 = 5 a p. Since we are 
considering a symmetric space, it is actually sufficient to carry out the calculations of our 
interest at a particular point, say at $ = 0. The Riemann tensor at $ = can be shown 
to be 



K P 8 



$=0 



$=0 



Now, simple calculations give 



d 9 d s g a p - {g- l )\d K g a p d x g\ 



1 



(4.6) 



(n^) 2 E a = 2|E| 4 E Q - ^(SV A ) a |S| 2 (S T 4s) - jS^lE'V^E 



■•T^t V|2 



(ft Ejg )^E a = 6|E| b E a - ^|E| 4 (EV A ) a (EV^E) 

+A ( sV a ) q (eMs)|s t 4s| 2 , 



4 

V 4 E)--EJE| 2 |SV 1 E| 2 



(4.7) 



where |E| 2 = E a E Q and |S T ^E| 2 = (E T a\E)(E T a A E). Here we have used the following 
identity 



(4$)«($4$) = o 

that follows from the Fierz identity 



(4.8) 



(4.9) 



Making use of the above results gives 



£($ = 0,i> = 0,E,E) = -g%tP 



e 7 ^ - 1 



K 



=$=0 



= -IE! 



El 4 + -IeV.EI 2 - -|E| B + -ISPIE'VL E 



2| v T ^-t VI 2 



Tl^l" + ^| 4 | S M£| 2 - ^|EMS| a |S^E| : ' + 



T ^-t visivT^t VI 2 
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128' 



Looking at the expression obtained it is tempting to conjecture 



£($ = 0, $ = 0, E, E) = In ( 1 — |E| 2 + ^\T, T a ] A ^ 2 
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(4.10) 



(4.11) 



The latter relation extends to an arbitrary point $ of the base manifold by replacing 

|E| 2 -> g"p a ZP , \\^°\n 2 - i(^S Q S' 3 ) 2 + ii?7,E a E%E 5 . (4.12) 



Then one gets 



- R e n ^ - 1 



$=0 



£($,$, E,E) = -g a ptP— E a 

= ln(l-^S Q ^ + i(^S a ^) 2 + ii?y 5 S a S%S^ . (4.13) 

This is actually the correct result for £($, S, E). Indeed, one can check that the RHS 
of (4.13) satisfies the master equation (3.14) which in the present case reads 

2^(<ry e ^£«£ 7 + m + 9 a ^a = . (4.14) 

In order to prove this claim, it is sufficient to restrict our consideration to $ = 0. For the 
first term in the LHS of (4.14), one finds 

1 r)C 

2 13 <5Vy > €QY, e • 

= i ^E^EI 2 - i(a A E) /3 (E T 4E) - ^EV^I 2 ) , (4.15) 

and this contribution exactly cancels against the other terms in (4.14). 

Let us dualize the tangent-bundle action. For this purpose we consider the following 
first-order action 

S = J d 8 *{tf($,$) + In (l - gOpUaUP + l -{g%U a mf + ^Ry s U a U%U s ^j 

+ U a W* + U a V a } , (4.16) 

where the tangent variables U a are complex unconstrained superfields, and the one-forms 
\E' a are chiral superfields, = 0. The variables C/'s and C/'s can be eliminated with 

the aid of their algebraic equations of motion. This turns the superfield Lagrangian into 
the hyperkahler potential 

$, = $) - In + ^/A + fo- 1 ) ^* Q ) 

+ A+ J A + (g-i)° ^ )p a> U=^= 7 , (4.17) 

V A+y/A + (g-^) a ^ a 

where R a p \ = (r 1 )^^- 1 )^^- 1 )^^" 1 )^^. and 

A = \ + \[\ + (g-TpW** + 2((g-i)° fl W* a )* + i?y^ a W 7 ^ . (4.18) 
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The derivation of the above results is given in Appendix B. 

Similar to eq. (4.14) in the tangent-bundle formulation, one can check that the hy- 
perkahler potential (4.17) satisfies the equation (3.23), which in the present case takes 
the form 

1. 



To prove this, we again set $ = 0. Then, the LHS in (4.19) becomes 
Making here use of (B.2), we can express \1/ in terms of E. Then we have 



S/3 - -T, a E 1 R a /3 ' y s (g 



a 7 f„-l\8 vl>e 



(4.19) 



(4.20) 



= h ( S/3 " \(^)^ T a^ , (4.21) 



where Q is given in (B.l). Because of (B.2), the expression obtained is exactly \Jjg at 
$ = 0. 



5 An alternative formulation 

In this section we give a reformulation of the Lagrangian defined by (3.7) which more 
directly relates it to our previous results. The reformulation requires certain identities 
to be satisfied for products of curvatures; we have not been able to determine if these 
identities are for a general Hermitean symmetric space. We define the operator R by 

R:=^ a Y*R aic d M c d (5.1) 

where M is the generator of the relevant structure group and acts on E as a transformation 
of a vector: [X^M^, E c ] = X^E 6 . Here a and a are tangent space indices. Using this we 
may in certain cases re-write the Lagrangian (3.12) as 

£($, $, E, E) = -i] al t b ln(l + M)R- 1 E a (5.2) 

where r] a i is the tangent space metric. The inverse Mr 1 is formal at this stage, but in the 
concrete examples that we want to consider it is always possible to make sense of it. The 
structure (5.2) is possible when the curvature satisfies 

RNhMhRhJsh R hJ4i :i M ^ r nj 1 i 1 j 2 Ri 2 j 3 m A Tr i 4 j 4 i 3 m ( 5 - 3 ) 
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when symmetrized in J 1 ...J 4 and in J 1 ...J 4 , and similar relations for higher products of 
curvatures. This is indeed true for the case of CP™ discussed in Appendix A. We find 
that, at the origin, 

KR _1 £ a = E a (5.4) 

if we take 



r 2 



S b c M c b (5.5) 



EE 

which inserted in (5.2) leads to the Lagrangian 

£($, $, E, E) = ln(l + K)E a (5.6) 

where all contractions and lowering of indices is done using r) ab - = 5 ab and we have 

Rabcd = ~\ ($ab5cd + S ad S bc ) , (5.7) 

all evaluated at the origin (see Appendix A for more details). Evaluating the expression 
(5.6) and re-expressing the result at an arbitrary point, we recover the standard form of 
the Lagrangian; (A. 6). 

Another case where the appropriate identities are satisfied is for the SO(n+2) / SO(n) x 
S'0(2)-model discussed in Sec. 6 in [9]. Here the metric at a point is as in the previous 
example, the curvature tensor at the origin is 

Ralcd = 2 (SabScd + S ac 5 bd - 5 ad 5 bc ) , a = 1, . . . , n . (5.8) 

We may take 

= " ^^ M c b ( 5 - 9 ) 
to yield the following form of the Lagrangian 

£($, $, E, E) = i^E a ln(l + R)E a . (5.10) 

Evaluating the expression (5.10) and re-expressing the result at an arbitrary point, we 
recover the standard form of the Lagrangian [9]. 
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A Example: Complex projective space 



As a simple example, consider the complex projective space CP™ = SU(n + 1)/U(n) 
for which we have 

/ 1 \ A.. r 2 W<t> J 

Jr(»,*)=r'ln(l + ^), 9;J (*,*) = ^=-^ T _, (A.l) 

where I, J — 1, ... ,n. It is sufficient to compute the Riemann curvature at $ = 



* n _ K hJlhJ2 

$=0 



^{<5/lJl<5/ 2 J2 +^/lJ 2 ^2Jl} » ( A - 2 ) 



with all results below corresponding to the choice $ = 0. One gets 

S'^E' 2 R hJll2 j 2 = -^|S| 2 S J2 , |E| 2 = SuV'W , (A.3) 



and hence 



From here 



and hence 



^ = 3^| 2 S^. (A.4) 



(^)^ = n!U_^ (A.5) 



9i0 1 S 7 = r 2 In (l - 1 $) S'S J ) . (A.6) 



n -s,S 

This agrees with the previous calculations [11, 19] 



B Derivation of (4.17) 

This appendix is devoted to the derivation of the hyperkahler potential (4.17). Since 
the base manifold is symmetric space, it is sufficient to perform the dualization, for the 
action (4.16), at $ = 0. Then, the first order Lagrangian 

£ = \nQ + U a vp a + U a ip a , n = l-U T U + l\U T a A U\ 2 , (B.l) 

8 

leads to the following equations of motion for C/'s and C/'s: 

n = n = ^ ' (R2) 
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where ip is a cotangent vector at $ = (it is useful to reserve the notation ^ for a 
one-form at a generic point $ of the base manifold). These equation imply 



and also 



7T t 7 UT(J aU 

**** = -cT- 



/T , U T a A U 



2 + n 



(B.3) 



(B.4) 



By construction, the correspondence between the tangent and cotangent variables should 
be such that U — > <^ ip ~ * 0- This means that we have to choose the "plus" solution of 
(B.4), that is 



^ = -\ + Jl+r^ + l\r^\ 2 . 



(B.5) 



Now, the results obtained above can be used to express Q via ip and its conjugate. By 
definition, we have 

2 

(B.6) 



1 1 

n ~ n 2 



rT^/ i 

fi 2 + 8 



This is equivalent to 



1 AV A 2 



i 



where 



A 



(B.7) 



(B.8) 



Since for ip — > we should have Q — > 1, it is necessary to choose the "plus" solution of 
(B.7), that is 



1 

n 



A 
2 



A 2 1 



A 1 



T --|^ T a^| 2 = - + - V 'A + ^. 



(B.9) 



The above consideration corresponds to the origin, $ = 0, of the base manifold. To extend 
these results to an arbitrary point $ of the base manifold, we should replace 



As a result, we arrive at (4.17). 



1 - 



;b.io) 
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